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Validating variational principle for higher order theory of gravity. 
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Metric variation of higher order theory of gravity requires to fix the Ricci scalar in addition to 
the metric tensor at the boundary. Fixing Ricci scalar at the boundary implies that the classical 
solutions are hxed once and forever to the de-Sitter or anti de-Sitter solutions. Here, we justify such 
requirement from the standpoint of Noether Symmetry. 


It had been shown long ago [I| that under metric vari¬ 
ation, no higher order term other than Gauss-Bonnet 
combination, can produce a suitable surface term un¬ 


der the only condition Sg^, 


dv 


= 0 at the boundary. If 


we concentrate upon /(i?) theory of gravity, which is a 
strong contender to an alternative to the dark energy, 
then under metric variation, the action 


A = / y^dV(^) 


produces certain boundary term as 


( 1 ) 


29n<^f 


= y d'^X'v/^ {Rij.v + /,/? 

- i d^x y/hf,Rh^^''d,{5g^,,)n 

JdV 


( 2 ) 


where, comma (,) stands for ordinary derivative, 
stands for usual covariant derivative, □ = 
h is the determinant of the induced metric hij and 
is the unit normal to the hypersurface. The boundary 
term in the above expression neither can be set to van¬ 
ish at the boundary nor can be expressed in terms of 
standard surface invariants as Gibbons-Hawking-York 
term for general theory of relativity(GTR), following 

the only consideration that =0 0 . However, 

dv 

the boundary term appearing in equation ([2]) may be 
expressed in terms of standard surface invariants as 12 h 

0 


<5[(K/,fl)dS] =dE 


Kf,RR5R+^-fh^^'^d,{5g,.^) 


( 3 ) 


where dS = d^yi\/Ti. Glearly, the right hand side 
of ([3|) produces the above boundary term appearing in 


equation (2), provided 5R 


dv 


= 0. Field equations 
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for f{R) theory of gravity are then obtained as usual. 
Hence, the complete action for f{R) theory of gravity 
is expressed as 


A = [ ^f{R)d^x + 2(f Vhf\R)K d^x, 
Jv JdV 


( 4 ) 


keeping in mind that the condition R = constant has 
been set at the boundary. Such a restriction for higher 
order theory of gravity has been a debatable issue 
over years. The debate essentially stems from the fact 


= 0 . 


dV 


that there is no convincing physics for 5R 

The reason is, if R is kept fixed on every space-like 
hypersurface, then the only solution admissible to 
the corresponding held equations is de-Sitter or anti 
de-Sitter(dS/AdS), depending on the signature of the 
constant 0. While GTR admits indehnitely different 
types of solutions corresponding to different choice 
of energy-momentum tensor, higher order theory of 
gravity admits only a unique solution, appeared to 
be untenable. This initiated to develop even a new 
variation principle - the Palatini variational principle 
0, in which the action is varied both with respect to 
the metric tensor g^y and the connection T^^j^, which 
are treated as independent variables. This technique 
does not produce a boundary term under variation and 
therefore it is not required to make any restriction. 
Nevertheless, in the process it does not also produce 
Gibbons-Hawking-York boundary term for GTR also, 
and as a result, one looses most cherished concept of 
black hole entropy. Under this situation, our present 
aim is to show - “the fact that higher order theory 
of gravity does not admit any solution other than 
dS/AdS in metric variational technique, is supported 
by Noether symmetry consideration”. Noether sym¬ 
metry had been applied initially by Rugeiro and his 
co-workers 0 in cosmology, to find the form of the 
scalar potential in scalar-tensor theory of gravity. The 
potential so found was exponential, which is suitable 
to drive inflation in the early stage of cosmic evolution. 
Till date, there has been numerous attempts in this 
field, in which its application on scalar-tensor theory 
of gravity 0 are of particular importance. It has 
also been applied by several authors in the context of 
higher order theory of gravity [Tol-[i0. overlooking an 
important issue that we shall explore here. 
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First, we take an action in the form 

A = J V^d^xfiR) + S (5) 


where, S is the boundary term for /(i?) given in (|^. 
To express the above action in canonical form in the 
Robertson-Walker minisuperspace 


ds^ = —dt^ + a? 


dr^ 
1 — 


+ r^{de^+sm^ ed(j?) 


( 6 ) 


say, it is customary to treat R — ^ = 0 

as a constraint and introduce it through a Lagrange 
multiplier A into the action dS]) as m 


Under the restriction ^ 0, equations (15a)) through 
(15c)) lead to 


a = a{a) 

(10a) 

f,RRR Cl 

f,RR P 2 P 2 

(10b) 

0 f,RR 1 

H2 p — 

J.R C2 

(10c) 

ol 

a,a + 2- = -ciPi 
a 

(lOd) 

o^a^aa + (3 — 2ciC2)aa,a — ciC2a = 0 

(lOe) 


where, /3 = /3i(a)/32(i?). Equations (llObI) and (jlOcI) 
then yield ciC 2 = 1, and as a result equation (llOel) 
leads to 




E. 


(7) 


In the process, a and R are treated as canonical vari¬ 
ables by expressing the action as A = J C{a,d,R, R)dt. 
Mixing up of minisuperspace and superspace variables 
might appear strange, since the Ricci scalar R is not 
independent of a and d. But we know that canonical 
formulation of higher order theory of gravity requires 
the introduction of auxiliary variable, which might be 
different in the case the form of f{R) is known a-priori. 
However, for arbitrary form of f{R), this is the only 
way to obtain canonical formulation. In fact, the defi¬ 
nition of R in terms of (a, a, d) introduces a constraint 
which eliminates the second-and higher-order deriva¬ 
tives in (7), so that a system of second-order differen¬ 
tial equations in {a,R) is realized. Thus the Lagrange 
multiplier has not been introduced in an ad-hoc man¬ 
ner, since it is related to the symmetries and conser¬ 
vation laws. Now varying the action with respect to 
R one gets A = . Substituting it in the action and 

performing integration by parts, the boundary term E 
gets cancelled and one is left with the following canon¬ 
ical action 




a^if - Rf,R) - 6a{d^ 


k)lR 


6a^dRf^RR 


dt., 

( 8 ) 


where, comma stands for derivative. Now, in order 
to find an appropriate form of f{R), let us impose 
Noether symmetry £xL = XL = 0, where £ stands 
for Lie derivative and X is the vector field. Then equat¬ 
ing the coefficients of d^, R^, Rd and the terms inde¬ 
pendent of these separately equal to zero, one obtains, 
following set of equations, viz.. 


a^a.aa + aa.a - a = 0 (11) 

which may be solved immediately and hence /3i, in view 
of equation (llOdI) . However, f{R) and I32{R) still re¬ 
main arbitrary. So before solving equation dni) let us 
concentrate upon equation (I9dl) . which now takes the 
form 

a^{aa^a-oi)Rf^R-&k{aa^a + a)f^R + Za^af = 0. (12) 

Now if /(R), f^R and Rf^R are all independent then 
the only solution to the above equation (HD) is a = 0 
and so is Pi , and therefore Noether symmetry does not 
exist. Therefore one has to explore Noether symmetry 
for particular form of f{R)- 

Case-I /(R) = R”. 

Equation (fT2l) then reduces to 

a^[naa,a + (3 —n)a]R" —6A:n(aa_a + a)R”“^ = 0. (13) 

clearly, setting coefficients to vanish, one ends up 
with /(R) = Rs and all other equations are satisfied, 
leading to a conserved current ^ {uVR) . This is al¬ 
ready a known result, which is also true in the matter 
dominated era m- More importantly, this is the 
only possible form of /(R), irrespective of arbitrary 
minimal or non-minimal coupling of matter [l^ . In 
particular, it was found that under a change of variable 
z = o£, z becomes cyclic for /(R) = R^ , in vacuum 
and in the presence of pressureless dust. However, 
the other option, stemming from equation (13) viz, 
R = Ro, where, Rq is a constant, was overlooked 
earlier. Since, it is a solution to the field equations, 
so naturally all the Noether equations are satisfied. 
It might appear that the symmetry appearing from 
R = Rq might be ignored. But we shall show below 
that this is the only solution of Noether symmetry 
for other forms of /(R) and even in anisotropic models. 


a{aP),af,RR + {a + 2aa^a)f,R = 0 (9a) 

f.RRa,R = 0 (9b) 

Paf^RRR + {2a + aa^a + aP^R)f,RR -I- 2a^Rf^R = 0 

(9c) 

Pa{6k - a^R)f,RR + 3a[a^{f - R/,^) + 2fc/,fl] = 0. 

(9d) 


Case-II /(R) = ^+^i?". 

Equation m now reads 

'ya'^lnaa^a + (3 — n)a]R"' — 6jkn{aa^a + a)R"~^ 

+ T 7 r-^(aa,a + 2a)R - -^—^( 00 ,a + a) = 0. 
IottG SttG 


( 14 ) 
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Clearly, the above equation is satisfied provided coeffi¬ 
cients of different powers of R vanish. However, in the 
process the second and the last term is solved for a as 



(15) 


is expressed as A = f £(a, a, b, b, R, R)dt, treating a, b 
and R as canonical variables. The action is now varied 
with respect to R to obtain A = Thus after 

removing total derivative terms which gets cancelled 
with S, the action takes the following canonical form, 


which also satisfies equation m- For n = I, first 
term vanishes and one ends up with the condition R = 
0. Nevertheless, for n ^ |, the above equation now 
reduces to 


A = 


ah'^{f - Rf,R) - 2f^R{2bdb + ab"^ - ka) 


- + 2abb)R 


(23) 


dt. 




{aa^a + 2 a) 


IGTrGq Inaa^a + (3 — ri)a- 


(16) 


In view of the solution (15) above equation reads 


167 rG( 2 n 



(17) 


which is clearly a constant. One can solve for /I = ^ 
to find the conserved current once again. However, it 
is not required, since R = constant is always a solution 
(dS/AdS) to higher order theory of gravity. 


Case-Ill f{R)=foe^^. 

Equation © in this case is expressed as 

a^[aa^a — a]nR — 6kn{aa^a -b a) -I- 3a^a = 0 (18) 

which does not admit any solution other than R = Rq 
- a constant. The above equation may then be solved 
to yield 

a = —, provided, Rq = —. (19) 

a 2n 

One can choose other forms of f{R) and even couple 
it to some form of matter to end up with the same 
result that Noether symmetry only admits a constant 
Ricci scalar. However, situation is much more apparent 
while searching for Noether symmetry of f{R) theory 
of gravity in anisotropic models. As an example, let 
us take into account spatially symmetric Kantowski- 
Sachs, Bianchi-I and Bianchi-HI metric. 


ds^ = -dt^ + a^dr^ + b^[de^ + f^d^^] 


( 20 ) 


where, 


sinO k = +1 for {K — S) 

fk = { 0 ^ fc = 0 for (H - /) 

sinhO => fc = —1 for [B — III) 


and the Ricci scalar reads 
d 


R = 2 
so that the action 


b db 6 ^ k 


( 21 ) 


A = 


H/(i?)-A{i?-2( 


d i db 6 ^ 
■^)} V^dt + £, 


( 22 ) 


At this stage, imposing Noether symmetry {£xL = 
XL = 0 ), following set of equation are found 


/. 


RR 


f,R 

f,RR 

f,R 

f.,RR 


= -2 


2/3,g 

in,a 

a + 26a,b -|- 2al3^b 
0(7 -b 267,b) 

+ /3 + a,d,a + 6/3,b 

■ Hb) 


f,R b(2'y -b 207 ,, 

6 a,-b 2a/3,_R = 0 


(24a) 

(24b) 

(24c) 


/, 


RRR 


I 


RR 


f,R 

, ba^R ■ 


26a - 


(24d) 

a,b -b 2a/3 -b 2ab(I^b -b 2ab"f^R' 


f,R L 
■ a/3,fl 


atrf 

f.RRR f^RR 


f. 


R 


f. 


R 


2067 

= 0 

2/3 -b 6 a, g -b 2a/3,g -b bj^R 


67 


f,RR + 


b^Ra — 2ka + 2abRl3 


a(lAR — 2k)j 
b{ba + 2aj3) 1 y ^ q 


f,R 


a{b‘^R-2k)-f 


(24e) 

+ 2 ^ = 0 . 

07 

(24f) 


(24g) 


Now under the assumption that f{R) is non-linear in 
R and expressing a, (3 and 7 in the following form, 


a = A{a, b)Di{R) 

P = B{a,b)D 2 {R) 

7 = C{a,b)D 3 {R) 

one can deduce the following relations 
Dsf^RR 


3/^2/,fl 


= ni and D 2 = miDi, 


(25) 


(26) 


in view of equations (I24al) and (I24bl) . Again using (I24dl) 
one obtains the following relation. 


6A -b 2miaB = 0. 


(27) 


Now in view of equations p4gp and (1271) one finally 
ends up with. 


mini — 


2kA 


a(lAR-2k)C 


implying 


^ 62 


A 


miUiaC 


-bl 


f.R = 0, 


= 712. 


(28) 


(29) 
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where n 2 is a separation constant. Thus, R turns out 
to be a constant. Now using p4g[ ) one can only relate 
a and /3 as a = — ^/3, while 7 remains arbitrary. 
This solution was found earlier [l3|, but was overruled 
since Birkhoffs theorem that Schwarzschild’s solution is 
the unique spherically symmetric vacuum solution does 
not hold for f(R) theory of gravity. However, f(R) 
theory of gravity has got no obligation to Birkhoff’s 
theorem. Earlier we wondered why despite the 
fact that there are indefinitely large number of cur¬ 
vature invariants together with coupling parameters 
corresponding to scalar field, Noether symmetry does 
not exist both in isotropic and anisotro|)ic models, 
except for the very s pec ial one {f{R) oc i ?2 ) obtained 
in isotropic case |lll - ll^ . Now it is clear that, earlier 
we have overruled dS/AdS solutions. It is noteworthy 
that a different canonical formulation of theory 
of gravity through auxiliary variable also yields the 
only solution R = constant as a result of Noether 
symmetry 0 . The fact that Noether symmetry only 
admits R = constant solution, appears to administer 


the condition 6R 


dv 

variational method. 


0 , required to validate metric 


In recent years f{R) theory of gravity along with cer¬ 
tain extended version of it have been advocated as al¬ 
ternative to the dark energy. Nothing could have been 
better if geometry really plays the role of dark en¬ 
ergy. Nevertheless, there are several reasons to defy 
such claim. First of all, higher order terms consid¬ 
ered for the purpose stated, are not distinguished at 
all, since neither these are generated under one-loop 
quantum gravitational correction nor from any other 
physical consequence, like Noether symmetry. Further, 
all the results viz. the bridge between early inflation 
and late-time cosmic acceleration, to pass through so¬ 
lar test etc. which emerged from f{R) theory of grav¬ 
ity resulted from scalar-tensor equivalence (Einstein’s 
and Jordan’s frame). No-body, so far paid any heed 
in the issue of the associated boundary term, which 
does not admit solutions other than dS/AdS. The sit¬ 
uation thus stands is, either one should rule-out the 
technique adopted for canonical formulation of f{R) 
theory by treating both the superspace and minisu¬ 
perspace variables together. In that case there is no 
answer to the issue of boundary term unless one dis¬ 
cards metric variational technique and adopts Palatini 
formulation. This is a good option, since equivalence 
principle is not supposed to be valid in higher order 
theory of gravity. However, in the process one has to 


sacrifice one of the most cherished concepts of gravi¬ 
tational physics, viz., the Black-Hole entropy and also 
has to rely upon the solutions obtained under scalar 
tensor equivalence, which has no quantum analogue. 
On the other hand, one should stick to the metric vari¬ 
ational principle. In that case, canonical formulation 
of f{R) theory of gravity is possible only under the in¬ 
troduction of Lagrange multiplier which is anholonomic 
constraint being capable of reducing the dynamics. It 
is also related to the existence of Noether symmetries, 
which helps to extract exact solutions. The Lagrange 
multiplier approach also helps in the formulation of co¬ 
variant renormalizable gravity [l5l| . In recent years, the 
Lagrange multiplier technique has been found to play 
much important role in the context of quantum cosmol¬ 
ogy and higher order theories of gravity. For example, 
it has been shown that the existence of Noether sym¬ 
metries implies a subset of the general solution of the 
Wheeler-DeWitt equation where the oscillating behav¬ 
iors are selected naturally. In the process, the Hartle 
criterion is related to Noether symmetry and hence to 
the classical trajectories [l^. In connection with /(i?) 
theory of gravity, Lagrange multiplier has been found to 
play the role of cosmological constant and inflationary 
behavior is asymptotically recovered [l^. It has also 
been demonstrated that, using Lagrange multiplier in 
connection with Gauss-Bonnet-dilatonic coupling, one 
gets large number of accelerating cosmological models, 
including the phantom ones where the dilatonic kinetic 
term is canonical. In particular, the Lagrange mul¬ 
tiplier behaves as a sort of dust fluid that realizes the 
transitions between matter-dominated and dark energy 
epochs 0 . All these results favour the use of Lagrange 
multiplier technique for canonical formulation of f{R) 
theory of gravity. But then, the technique although 
validates the boundary condition suitably, neverthe¬ 
less, the resulting solutions are not suitable to explain 
late-time cosmic acceleration. This is because, such 
solutions do not admit early long decelerated era, re¬ 
quired for structure formation and also do not validate 
Birkhoff’s theorem. It is also important to note that 
the resulting dS/AdS solutions are necessary and also 
well-behaved from the standpoint of Inflation required 
in the early universe, since graceful exit is possible un¬ 
der reheating, for example following particle creation, 
giving way to the hot Big-Bang era. Hence it appears 
that one should rule-out f{R) theory of gravity and all 
of its extended versions, as viable candidates for dark 
energy. 
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